of (1.1) we make the additional assumption that P(x) and Q(x) are functions of C" and C, respectively. Unless otherwise noted, the interval under consideration is (0, oo). The oscillatory properties of equation (1.1) were first investigated in a classical paper by G. D. Birkhoff [1] , which appeared in 1911. Further results were obtained in papers by Mammana [5] and Sansone [7] ; the latter, which appeared in 1948, contains a complete bibliograpy. More recent work on this equation can be found in [2] , [3] , [8] , and [9] .
A solution of (1.1) will be called oscillatory if it has an infinity of zeros in (0, oo) and nonoscίllatory if it has but a finite number of zeros in this interval. An equation is termed oscillatory if there exists at least one oscillatory solution, and nonoscillatory if all its solutions are nonoscillatory. This latter definition is necessary since an equation (1.1) may have both oscillatory and nonoscillatory solutions. Also, we say that (1.1) is nonoscillatory in (α, oo) if none of its solutions has more than two zeros in (α, oo). The number two is essential since there always exist solutions of (1.1) which have zeros at two arbitrary points.
In the study of the second-and fourth-order differential equations the self-ad joint forms are of special importance. The self-ad joint form of the third-order equation is (1. 2) y"' + py' +hv'y^0 .
The general solutions of (1. y" + ϊPV = 0, and the study of this case is therefore without further interest.
2, Conjugate points. Our treatment of the third-order equation will be based on the concept of conjugate points, which we now define (cf. [4] ). Let y(x) be a solution of (1.1) which vanishes at x -a and has at least n + 2 (n ^ 1) zeros in [α, oo) . If we designate these zeros by a l9 a 2 ,
, a n+2 (a = a λ ^ a 2 ^ ^ a n+2 ) then the nth conjugate point of a is defined to be the smallest possible value of a n+2 as y(x) ranges over all possible solutions of (1.1) for which y(a) = 0. The existence of these conjugate points can be established by the following compactness argument. We first assume that there exists at least one solution y(x) of (1.1) which vanishes at x = a and has at least n + 2 zeros in [α, oo) . If u(x) and v(x) are two linearly independent solutions of (1.1) which vanish at x = a, then all other solutions vanishing at this point can be written in the form y(x) = Au(x) + Bv (x) . If there are only a finite number of these solutions y(x) which have n + 2 zeros in [α, oo) then the existence of the nth conjugate point needs no proof. If there are an infinity of these solutions y(x) we consider the sequence of solutions {y*
(%)}, where y v (x) = A v u(x) + B v v(x).
If we further normalize these functions by the condition A\ + B\ = 1 then it is easy to see that the resulting class of solutions is locally uniformly bounded and equicontinuous. Hence there exists a subsequence which converges to a solution y o (x) of (1.1). Let b equal the greatest lower bound of the a n+2 for this particular sequence. Since any limit point of zeros of the y v (x) belonging to the convergent subsequence is a zero of y o (x), we have y o (b) = 0. If b = α, then y o (x) = 0 since this solution would have at least a triple zero at x = a. But this is impossible since A\ + B\ -1, so that b > a and this proves the existence of the wth conjugate point.
We call the solution y Q (x) which produces the nth. conjugate point the extremal solution. We now show that there can be at most two essentially different extremal solutions associated with any conjugate point η n (a) (two solutions will be called essentially different if they are not constant multiples of each other). This assertion is an immediate consequence of the following lemma. of (1.1) such that v(a) -0 and v(η n {a))φ § and consider the function w(x) = y o (x) + εv(x) where ε is sufficiently small. Then w(a) -0 and the zeros of w(x) are close to the zeros of y ϋ {x). If we choose εv(η n (a)) to be negative then, since w{rj n ) -ev(η n ) and y(x) > 0 in (6, rj n 
nd zero of w(x) will occur before the (n + 2) nd zero of y Q {x). But this is absurd since y Q (x) is the extremal solution. Hence y o (x) has a double zero either at a or at η n {a) (or possibly at both points).
By the uniqueness theorem of equation (1.1), all solutions which have a double zero at x -a are constant multiples of each other. Hence, by Lemma 2.1, there are at most two essentially different extremal solutions associated with any conjugate point y] n {a).
It may be conjectured that the extremal solutions are unique. This conjecture is easy to prove for the first conjugate point. For assume that this solution is not unique, that is, let u(x) be an extremal solution such that u(a) = u'(a) = u{η λ ) = 0 and let v(x) be another extremal solution such that v(a) = v{η^ = v f (η^ = 0. Then it is not difficult to see that there exists a solution y(x) = u(x) -Xv(x) which has three zeros in [α, ^] , and is such that the zeros at a and ^i(α) are simple. But this contradicts Lemma 2.1.
The distribution of the conjugate points is intimately related to the oscillatory properties of equation (1.1). As examples show, the oscillatory behavior of this equation may be rather complicated unless a distinction is made between a number of fundamentally different cases. The nature of these cases is reflected in the following properties of the conjugate points, (a) The conjugate points are distinct. This assumption introduces a certain amount of regularity in the separation pattern of the zeros of solutions of (1.1). (b) If the extremal solution associated with y] n (a) has a double zero at x = α, the extremal solution belonging to η n (b) has a double zero at x = b. We define two classes of equations (1.1) for which these assumptions are satisfied, and which will be referred to as Class I and Class II, respectively.
Equations of Class I: An equation (1.1) is said to be of Class I (Cj), if any of its solutions y(x) for which y(a) = y'(a)
Equations of Class II: An equation (1.1) is said to be of Class II (C u ) , if any of its solutions y(x) for which y(a) -y'{ά) -0, y"(ά) >0 (0 < a < oo) satisfies y{x) > 0 in (α, oo) .
We now derive a number of criteria which make it possible to decide whether a given equation (1.1) belongs to one of these classes. The following theorem first appeared in [5] . Generalizations of this theorem are given in [7] and [9] . Proof. Let y(x) be a solution of (2.1) such that y(b) = y'φ) = 0 and assume that (2.1) is not of Class I, that is let x = a (a < b) be a zero of y(x). Multiplying (2.1) by y(x) and integrating from a to δ, we obtain, 
Proof. Assume that there exists a point x = a (0 < a < α) such that 2/'(α) = 0 and let a be the first such point to the left of x = α. Then 2/' (a?) < 0 in (α, α). Multiplying (2.1) by y\x) and integrating from a to α, we obtain, (2.4) ΓpiΛte Since q(x) and y(x) are positive and y'(x) is negative in (α, α), the inequality (2.5) is clearly impossible and this proves the lemma. We prove the theorem for equation (2.6) ; the proof for (2.7) is analogous. Let y(x) be a solution of (2.6) such that y(b) = y'(b) = 0 and, without loss of generality, let y"(b) be positive. Assume (2.6) is not of Class I, that is, let x = a be the first zero of y(x) to the left of b. Then there exists at least one point a where y'(x) vanishes. Let a be the first such point to the left of 6. Integrating (2.6 ) from x to 6, we obtain, (2.8) [
Again integrating (2.8 ) from x to 6, we have
We now substitute x -a in (2.9) to obtain
But the right-hand side of (2.10) is positive. The contradiction in (2.10) proves the theorem. In § 5 we shall return to a more detailed discussion of the classes of equations (1.1) defined in Theorems 2.2 and 2.3. In this and the following two sections, we consider some of the properties common to all such equations which belong to either Class I or Class II.
It follows from Lemma 2.1 that the n conjugate points of any point a of an equation of Class I are the zeros of a solution u(x) which has a double zero at a. If this solution u(x) is normalized by the condition u"(a) = 1, it will be called the principal solution y(x, a) of (1.1). Thus, the n conjugate points of (1.1) (if they exist) are the zeros of y (x, a) .
Again, by Lemma 2.1, the n conjugate points of an equation of Class II are the points where the n essentially unique solutions y y (x) , which vanish at x = α, have a double zero.
These results are summarized in the following two theorems. This theorem also applies to the case when η n (a) = oo, that is, when the wth conjugate point fails to exist. To prove the theorem, we need the following lemma. LEMMA 
A third order differential equation is of Class I if, and only if, its adjoint is of Class II.
Proof. Let L(u) = 0 and M(v) = 0 represent equations (1.1) and (2.11), respectively. Then vu" -v'u' + v"u -{Pv) 
Let u(x) be a solution of (1.1) such that u(b) = u r (b) = 0 and assume that (1.1) is not of Class I, that is, let x = a (a < b) be a zero of u(x). Construct the solution v(x) of (2.11) such that v(a) = v r (a) = 0. Substituting these two solutions into (2.12) we find
Since u"(b) Φ 0 (otherwise it would follow from the existence theorem that u(x) = 0), (2.13) implies that v(b) = 0. This proves that if (1.1) is not of Class I, the adjoint (2.11) is not of Class II. Conversely, if we assume that (2.11) is not of Class II, we prove, by equation (2.12) , that (1.1) is not of Class I. This completes the proof of the lemma. We now prove Theorem 2.8. Let u(x) and v(x) be two linearly independent solutions of (2.11) which vanish at x = a (e.g., let u(a)
Then all other solutions which vanish at x = a can be written in the form w(x) -Au(x) + Bv(x). By Lemma 2.9, if (1.1) is of C z then (2.11) is of C IZ . Hence, by Theorem 2.7, the conjugate points of (2.11) are the points where some w(x) has a double zero. Using a result from § 4 (Theorem 4.4), we see that the converse is also true, that is, if w(x) has a double zero at some point x = 6, then b is a conjugate point of (2.11). Since w(x) has a double zero if, and only if, the function (2.14)
vanishes, the conjugate points of (2.11) are characterized by σ x (x) = 0. It can be shown [1] that the function
is a solution of the adjoint of (2.11) , that is, of equation (1.1). It is easy to show that σ(a) = σ f (a) = 0, so that σ(x) is a constant multiple of the principal solution y(x, a) of (1.1). Since σ(x) vanishes at the same points as σ x (x), the proof of the theorem is complete.
We complete the section by proving the following uniqueness theorem. (Sansone [7] proves this theorem for the equation (2.1) with the restriction that 2q -p r be of one sign.) THEOREM 
If u(x) and v(x) are two nontrivial solutions of a third-order differential equation of Class I (or C π ) which are not constant multiples of each other, then u(x) and v(x) cannot have two zeros in common.
We first note that there always exists a solution of the third-order equation which vanishes at two arbitrary points. There may then, in general, be two essentially different solutions which have two zeros in common. In fact it is easy to construct examples in which two different solutions have an infinity of zeros in common. 
is a nontrivial solution of (1.1). Clearly
this is absurd since equation (1.1) is of Class I. This proves the theorem. The proof of the theorem for equations of Class II is analogous.
3. Equations of Class L The first part of this section deals with separation theorems and the second part is concerned with comparison theorems. We begin by proving a simple separation theorem of the Sturm type for equations of Class I. In the proof of Theorem 3.1, we use the following elementary lemma [4] , LEMMA Class C in (α, 6) , and let v(x) be of constant sign in this interval. If x = a and x = β (a < a < β < 6) are consecutive zeros of u(x), then there exists a constant λ such that the function u(x) -Xv(x) has a double zero in {a, β).
Let u(x) and v(x) be of
To prove Theorem 3.1, let a and β (a < a < β) be two consecutive zeros of u(x) and assume that v(x) does not vanish in [a, β] . Then, by Lemma 3.2, there exists a λ such that w(x) = u(x) -Xv(x) has a double zero at some point in (a, β). By hypothesis, w(a) = 0, and this leads to a contradiction since equation (1.1) is of Class I. Thus v(x) must vanish at least once in (α, β). By interchanging u(x) and v(x) we easily prove that v(x) vanishes only once between two consecutive zeros of u(x). We might also remark that, by Theorem 2.10, u(x) and v(x) can have no common zeros other than the one at x = a.
The following corollary is an immediate consequence of Theorems 2.6 and 3.1. Again, by Theorem 3.1, it is easy to show that if (1.1) is oscillatory then any solution of this equation which vanishes at least once, is oscillatory. To prove this assertion, let v(x) be an oscillatory solution of (1.1) which vanishes at the points x x ^ x 2 ^ x 3 and let u(x) be another solution vanishing at x = α. We can construct the essentially different solution w(x) such that w(a) = w(x^) = 0. (If a = x 19 the proof of our assertion follows immediately by Theorem 3.1.) Applying Theorem 3.1, first to w(x) and v(x), and then to w(x) and u(x), we have proved our assertion. We state this as a separate theorem. THEOREM 
// equation (1.1) is of d and if (1.1) is oscillatory, then any solution of this equation which vanishes at least once is oscillatory.
Theorem 3.4 is proved in [8] for the equation y"' + qy = 0 (q(x) 0). Theorem 2.6 implies the following corollary.
) is oscillatory if, and only if, there exists an infinity
of conjugate points %(α)(0 < a < co).
We can also show the following partial converse of Theorem 3.4. Proof. Assume that there exists a solution of (1.1) which has three zeros in (a, co). By Theorem 3.1 we can consider the solution
. Without loss of generality, let v"(cci) be positive so that v(x) Ξ^ 0 for x < x 2 . Again, without loss of generality, let u(x) be positive for x > a. By Lemma 3.2, there exists a function w(x) = u(x) -Xv(x) which has a double zero at some point between x ± and x 2 . Since u(x) and v(x) are both positive in (x 19 x 2 ) we see that λ is positive. Hence
which implices a zero of w(x) to the left of a double zero. But this is absurd, since equation (1.1) is of Class I, and the theorem is proved. This corollary follows directly from Theorem 3.6. We now show that the zeros of two principal solutions (that is, the conjugate points), say u(x) -y(x, a) and v(x) = y(x, b), must always separate. This separation, however, need not be of the simple Sturm type. The zeros may separate in pairs, that is between two consecutive zeros of u(x) there may be two zeros of v(x), and conversely. We can now prove a comparison theorem using Corollary 3.9. We compare equation (1.1) 
To prove the first part of this theorem, assume the contrary, that is, assume that equation ( 
Clearly, the left-hand side of this last equation is positive while the right-hand side is negative. This contradiction proves that equation (3.1) belongs to C,. Using this fact, we now prove the second part of the theorem. Let u(x) = y(x, a) be a principle solution of (1.1) and let b ~ Ύ] λ {a) be the first zero of u(x) in (α, oo). Then, by Theorem 2.8, we can construct the extremal solution w(x) of the adjoint of (1.1) such that (w)a = w(b) = w'(b) = 0 and w(x) Φ 0 in (α, 6). Let v(x) = y(x, a) be a principal solution of (3.1). We first show that v(x) vanishes in (α, b) . To this end, we assume that v(x) > 0 in (α, b) (by construction v(x) cannot be strictly negative in this interval). Multiplying (2.11) by v(x) and (3.1) by (w)x, subtracting, and integrating between a and 6, we obtain.
From the construction of w(x), it is clear that w"(b) > 0 so that the left-hand side of (3.4) is positive (or zero if v(b) = 0) while the right-hand side of (3.4) is negative. This contradiction proves that v(x) must vanish in (α, 6) , that is,
We now prove (3.3) by induction. Let b ± = f][{a) and let u λ (x) -y(%, 6i) and v λ {x) = y(x, b x ) be principal solutions of (1.1) and (3.1), respectively. By Theorem 3.1, the zeros of v{x) and v x (x) separate in (&!, oo). Since ^(αs) has a double zero and v(x) has a simple zero at x -b 19 it can be shown, by a slight modification in the proof of Lemma 3.2 (cf. [4] ), that the first zero of v(x) to the right of b λ occurs before the first zero of v λ (x). This implies that (3.6) η' n+1 (a) < τj' n φi) < # +a (α) .
Applying Corollary 3.9, we have,
Assuming now that (3.3) is true for n = fc, we prove it to be true for n = k + 1. The first inequality in (3.6) gives and, by the assumption,
The second inequality of (3.7) gives Combining these last three ineqalities, we obtain which proves (3.3) for n = k + 1. Since we have already proved it to hold for n = 1, the inequality (3.3) is true for all n. Theorem 3.10 shows that if (1.1) has an infinity of conjugate points the same must be true for (3.1). In view of Corollary 3.5, this implies the following result. THEOREM 3.11. Let equation (1.1) be of Class I and let the coefficients of (1.1) and (3.1) be related by (3.2) In order to obtain more information about the distribution of the conjugate points for equations of Class II, we now construct the extremal solution leading to the nt\ι conjugate point. Assume that there exists a solution u(x) of (1.1) which vanishes at x = a and has at least n + 2 zeros in [α, oo), say at a 19 α 2 , a n+2 (a = a λ < a 2 < < a n+2 ). Let v(x) have a double zero at x = a and let v(x) be positive for x > a. If we assume that the last zero of u(x) is not a double zero, then, by Lemma 3.2, the solution w(x) = u(x) -Xv(x) has a double zero in (α n+1 , α w+2 ), say at x = a. Without loss of generality, we can also assume that u(x) is positive in this interval. Then λ is positive and it is easy to see that z -Xv(x) intersects every positive arch of v(x) twice. For if it did not, the function w λ (x) = u(x) -X^ix) would, by Lemma 3.2, have a double zero at some point in this interval. Clearly λ x < λ, so that Sj = X 1 v(x) intersects the arch of u(x) in the interval (a n+1 , a n+2 ) , which implies that w λ {x) has a zero to the right of a double zero. But this is impossible since equation (1.1) is of Class II. A simple count shows that w(x) has n + 2 zeros in [α, a] . By Theorem 4.4, w(x) is the extremal solution. We have proved the following theorem. THEOREM 
If equation (1.1) is of C u and if y(x) is a solution of (1.1) which vanishes at x -a and has at least n + 2 zeros in [α, oo) then the n conjugate points of a separate the zeros of y(x).
The connection between the conjugate points and the oscillatory and nonoscillatory behavior of equations of Class II is illustrated by the following theorem which is analogous to Corollary 3.5 for equations of Class I (but does not follow from it). THEOREM 
// equation (1.1) is of C II9 then (1.1) is oscillatory if, and only if, for every positive a there exists an infinity of conjugate points η n (a).
By definition, equation (1.1) is oscillatory if there exists at least one solution with an infinity of zeros. Hence if y(x) is an oscillatory solution, for every point α, there exists a point b and an arbitrary number n, such that y(x) has n zeros in (α, b). If we let u(x) be a solution of (1.1) such that u(a) = u(b) = 0 then, by Theorem 4.3, u(x) has at least n zeros in [α, 6] . Since n is arbitrary, Theorem 4.5 implies an infinity of conjugate points.
Conversely, assume that there exists an infinity of conjugate points. By Theorem 2.7, there exist solutions of (1.1) with arbitrary many zeros in (α, oo). This, however, is not sufficient to prove the existence of a solution with an infinity of zeros. To prove this, we note, as in § 2, that all solutions of (1.1) which vanish at x = a can be written in the form y(x) = c^x) + c 2 v(x) where u(x) and v(x) are linearly independent solutions which vanish at x = a. Again, as in § 2, if we normalize y(x) by the condition c\ + c\ = 1, we can find a subsequence of {y v (x)} which converges uniformly to a solution y o (x) of (1.1). By Theorem 4.5, all solutions y»(x) (v > n) vanish in the interval (η n -19 η n ). The proof is immediate. Since (1.1) and (3.1) are of Class II, by Lemma 2.9, their adjoints are of Class I. Therefore, Theorem 3.11 applies to the adjoints and, by Theorem 4.7, the oscillatory behavior of (1.1) and (3.1) is characterized by the oscillatory behavior of their adjoints. 
where k is a positive integer.
To prove the theorem we need the following lemma. Proof. Multiplying (5.1) by u(x) and integrating from a to x, we obtain
If we assume that u(x) > 0 for x > α, then u'(x) can vanish but once in (α, oo) for, by equation (5.7), u(x)u n (x) < 0 whenever u\x) -0. Hence u'(x) < 0 for x > 6. There are now three possibilities;
has an infinity of zeros for x > b. We shall show that in all three cases u(x) vanishes for x > b. This is trivially true in case (i); if two consecutive derivatives of u(x) are negative then u(x) must ultimately be negative. In case (ii), the right-hand side of (5.7) is positive so that u'\x) approaches some constant k 2 Φ 0 (since the last term of (5.7) is an increasing function). Hence u'{x) approaches -k, but this implies that u(x) is ultimately negative. In case (iii) we let x approach infinity along the points in which u"(x) vanishes and we arrive at the same conclusion as in case (ii). This completes the proof of the lemma.
To prove Theorem 5.1, let u(x) = y(x, a) and γ(x) = y λ (x f a) be principal solutions of (5.1) and (5.3), respectively, and let b = η x {a) be the first zero of u(x). By Theorem 2.8, the extremal solution w(x) of the adjoint of (5.1) vanishes at α, has a double zero at 6, and vanishes nowhere in the interval (α, b). Without loss of generality, we may assume that w(x) is positive in (α, 6). Multiplying (5.2) by v(x) and (5.3) by w(x), and integrating from a to 6, we obtain, 
{a). If this point is in the interval
then the remainder of the proof of the theorem is analagous to the proof of Theorem 3.10. The integer k appearing in (5.9) is, of course, the same k appearing in (5.6). It is clear that if conditions (iii) hold, then the conclusion of Theorem 5.1 is the same as that of Theorem 3.10, that is, the inequality (5.6) can be replaced by the stronger inequality (3.3) .
Although the conclusion of Theorem 5.1 is not so strong as that of Theorem 3.10, Theorem 5.1 still implies that if there are an infinity of conjugate points of equation (5.1) then the same is true of equation (5.3). In view of Corollary 3.5, this implies the following result. In addition, let the coefficients of these equations be related by (5.10 These comparison theorems will lead to oscillation criteria whenever the oscillatory behavior of a given equation is known. As a first example, consider the Euler Equation Let q(x) be of one sign in (0, oo), then, by Theorem 4.7, equation (5. 2. We now consider the case in which the coefficient p(x) of (5.1) is such that the second-order differential equation (5.14) y" + py -0 is nonoscillatory and q(x) does not change sign in (0, oo) (cf. Theorem 2.3). In this case we obtain a separation theorem of a different type.
The problem now considered refers to the relation between the number of zeros of y(x) and those of y'(x) when y(x) is a solution of (5.1). In the case of a second-order equation, say, y" + py' + qy = 0, two consecutive zeros of the derivative y'(x) of a solution y(x) are-for trivial reasons-separated by a zero of y(%). In the case of higher-order equations this is, in general, not true. It is shown in [7] that if p(x) ^ 0 and 2q -p' > 0 and y(x) is a solution of (5.1) such that F[y(a)] ^ 0 where
then the zeros of y(x) and y'(x) separate in (6, oo) , where b is the first zero of y r {x) to the right of x = a. (This can be proved by using a slightly modified form of equation (5.7).) These conditions imply the regular alternation of the zeros of y(x) and y\x) only at the right of a point x = a at which F[y(a)] ^ 0. The following result shows that the regularity in the distribution of the zeros of y(x) and y'{x) is essentially guaranteed by the assumption that the second-order differential equation (5.14) be nonoscillatory. We prove the theorem for q(x) ^ 0. The inequality (2.5) shows that if y(x) does not vanish between two consecutive zeros of y'(x) then y(x) and y'{x) must be of the same sign in this interval. We may assume that y(x) > 0 (and, therefore, y'(x) ^ 0). This, however, is not sufficient to prove the theorem, since y'(x) may have an infinity of zeros and still be nonnegative in (0, oo). We now show that this is impossible. If x = a is a point such that y'{a) = y"{a) = 0, then y\x) must be negative in the neighborhood of x = a since, by equation (5.1), y"'{a) < 0. This completes the proof.
We have shown that between two consecutive zeros of y r {x) there is in general one zero of y(x). This regularity can fail only once in the interval (0, oo), that is, there can exist one interval [a, β] such that y'(x) vanishes at the end points and y(x) Φ 0 in (a, β). If this occurs, then, by Lemma 2.4, y'(x) Φ 0 for 0 < x < a. Hence the separation of the zeros of y(x) and y\x) is essentially guaranteed.
With the restrictions imposed on the coefficients of (5.1) in this section, additional information about the separation of the conjugate points of two principal solutions of (5.1) can be obtained. This is illustrated by the following theorem. 
theorem for equation (5.1), σ'(b) and σ"(b) are not both zero, so that the left-hand side of (5.16) is strictly negative. This contradiction proves that σ{x) > 0 for x > 6. Using this fact it is now possible to show that the zeros of u(x) and v(x) (that is, the conjugate points) separate in (6, oo We now derive some oscillation criteria for these equations. The first such criterion is given by the following theorem. We prove the theorem for (α); the proof for (b) is analagous. Since P f -Q ^ 0, it follows from Theorem 2.3 that equation (5.2) is of Class I. Hence, by Lemma 2.9, the adjoint of (5.2) , that is equation (5.1), belongs to Class II. Accordingly, for any point x -a there exists a solution of (5.1) which has a double zero at a and does not vanish for x > a. But q(x) ^ 0, which implies that (5.1) belongs to Class I (Theorem 2.3). It follows, by Theorem 3.6, that (5.1) is nonoscillatory.
We have proved, in effect, that if a third-order differential equation is both of Class I and Class II, then the equation is nonoscillatory.
The following two theorems give oscillation criteria for equations (5.1) which depend on the integrability of the functions x(q -p f ) and x\q -p f ). We assume that q ^ 0 and p' -q ^ 0. The preceding theorem shows that if q ^ 0 and p' -q ^ 0 then (5.1) is nonoscillatory. .1) is of Class I and hence, by Theorem 3.6, there exists a point x -a such that no solution of (5.1) has more than two zeros in (α, oo). Therefore, the principal solution u(x) = y(x, a) is positive for x > a. We now show that u'(x) is also positive for x > α. To this end, assume that u f (x) < 0. Since u'(x) > 0 for x immediately to the right of x == α, there exists a point b such that u'(b) = 0. By Lemma 2.4, u'(x) has no other zeros in {b, oo). It is clear that u"{b) < 0. If two consecutive derivatives of u(x) are negative for x > 6, then u{x) must ultimately be negative. Hence u"(x) must ultimately be positive, that is, there exists a point x = c such that u"(c) = 0. It is not difficult to see that the points b and c can be used in the inequality (2.5).
Since u(x) > 0 and u'{x) < 0 in (6, c) , the left-hand side of (2.5) is negative. This contradiction proves that u'{x) > 0 for x > α. Using this fact, we now see, by equation (5.1), that u"'(x) < 0 for x>a, so that u"(x) is decreasing. Again, if two consecutive derivatives of u(x) are negative, u(x) must become negative. Therefore u"(x) > 0, and u r (x) is thus increasing for x>a.
Since u'(x) > 0 for some x = b immediately to the right of α, we have, 
? -V')u{t)dt
Since the left-hand side of the inequality is independent of x, we have, which implies that and this completes the proof of Theorem 5.12. Proof. Integrating (5.1) from a to x yields
